
1960 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 50, NO. 8, AUGUST 2002

Synthesis of Coupled-Resonators
Group-Delay Equalizers

Heng-Tung Hsu, Student Member, IEEE, Hui-Wen Yao, Senior Member, IEEE, Kawthar A. Zaki, Fellow, IEEE, and
Ali E. Atia, Fellow, IEEE

Abstract—A systematic synthesis and design procedure for
coupled-resonators cavity group-delay equalizers is presented.
The procedure consists of solving the approximation problem
by optimization and performing cascade synthesis. The error
function for the optimization is computed from the given filter’s
group delay and the zeros and poles of the input impedance of the
equalizer. Convergence of the optimization is fast and insensitive
to the initial guess even when the number of resonators is large.
Two examples, together with experimental results, are presented;
comparisons between the externally equalized and self-equalized
filters are made. The effect of the isolation of the cascading devices
(circulator or 3-dB hybrid) on the ripple of the final group-delay
response is also extensively investigated. The good agreement
between the theoretical simulation and the experimental results
demonstrates the powerful nature and effectiveness of the pro-
posed design procedure.

Index Terms—Delay equalizer, optimization, resonators.

I. INTRODUCTION

M ICROWAVE bandpass networks, together with equal-
ization circuitry, are essential components in modern

communication systems such as satellite communication sys-
tems. The concept of external group-delay equalization has been
applied extensively [1]–[4] and comparisons are made on the
overall responses with the self-equalized filters. In general, self-
equalized linear phase filters are smaller structures, require no
cascading devices (circulator or 3-dB hybrids), but are relatively
complex and difficult to design and tune. Also, the maximum
number of equalization poles is often limited by the filter struc-
tures (for example, an eight-pole quasi-elliptic function filter
with two transmission zeros can only afford one equalization
pole). On the other hand, externally equalized structures are
nearly independent of the associated filter, which simplifies the
design and tuning process and demonstrates much more flex-
ibility. Nevertheless, the self-equalized structures show better
performance consistency over temperature variation, which is a
key advantage over the externally equalized one for satellite ap-
plications.

Conventional realizations of group-delay equalizers for
externally equalized structures are mostly limited to all-pass
C-sections (all-pass first-order) and all-pass D-section (all-pass
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second-order) networks cascaded with circulators or 3-dB
hybrids. Graphical methods have been used to determine
the suitable locations of zeros of an equalizer followed by
Richards’ synthesis procedure to complete the design [5], [6].
This approach works well when the amount of equalization
required is small. When a larger amount of equalization is
needed, several C- or D-section equalizers may be required in
cascade, which makes the design of such equalizers difficult.

A design method for equalizers with multiple coupled cavities
was first presented in 1982 [7]. Direct network optimization has
been used in [7], where the coupling matrix elements are the op-
timization variables and the difference between the group-delay
response of the equalizer and frequency specification mask is
the basis for the objective error function. Optimization routines
or available commercial software packages may be used to solve
for all the optimization variables by minimizing the objective
error function over the frequency band of interest. The design
method proposed in [7] showed the two major advantages over
the conventional approach, i.e., a single equalizer with multiple
poles is able to perform a larger degree of equalization that pro-
vides a considerable hardware weight reduction over the con-
ventional approach of using several cascaded C- or D-sections
and equalizer parameters are directly generated through the op-
timization process, which eliminates the synthesis step, making
the design procedure easy and straightforward.

However, the approach proposed in [7] is usually inefficient
and often results in nonoptimum (local minimum) solutions.
Moreover, the convergence of numerically minimizing the ob-
jective error function will depend strongly on the initial guess of
the equalizer parameters (coupling matrix elements), especially
when the number of cavities is large. In this paper, a systematic
design procedure is presented. This new and powerful design
procedure basically consists of two separate steps, i.e., solving
the approximation problem through numerical optimization and
solving the synthesis problem. The objective error function used
for solving the approximation problem is based on evaluating
the group-delay response using the zeros and poles of the input
impedance function of the structure. Convergence of the opti-
mization of the proposed design method is fast and nearly in-
dependent of the initial guess of zeros and poles locations even
when the number of the cavities is large. Once the locations of
zeros and poles are determined, a synthesis procedure is then
carried out to complete the design.

In Section II, the problem statement and detailed circuit anal-
ysis for the approximation problem are presented. A straightfor-
ward synthesis procedure together with some numerical consid-
erations to improve the accuracy for the synthesis problem are
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(a) (b)

Fig. 1. Schematic drawings of: (a) circulator-coupled and (b) 3-dB hybrid branch coupler coupled filter–equalizer network.

Fig. 2. Equivalent-circuit representation of ann-cavity narrow-band equalizer.

addressed in Section III. Two numerical examples with experi-
mental results of an eight-pole elliptic function filter equalized
by a three-pole equalizer are included in Section IV. Compar-
isons between a 12-pole self-equalized filter and an eight-pole
externally equalized (by a three-pole equalizer) one are made
and summarized. The effect of the isolation of the cascading
devices (circulator or 3-dB hybrid) on the ripple of the final
group-delay response is also investigated. Good agreement ob-
served between the theoretical simulation and the experimental
results shows the powerful nature and effectiveness of the pro-
posed design method.

II. A PPROXIMATION PROBLEM

Consider a circulator coupled filter–equalizer network, as
shown in Fig. 1(a), or hybrid coupled network, as shown in
Fig. 1(b). Since the total group delay of the network is the
sum of the group delay of the filter and the reflection delay of
the equalizer, ideally, the delay characteristics of the equalizer
should be the inverse of the filter’s to compensate for the steep
change at the edges of the band. The delay of the equalizer
is the delay characteristic of the reflection coefficient of a
short-circuited coupled-resonators filter [8]–[10].

Fig. 2 shows the equivalent lumped-circuit representation for
a short-circuited coupled-resonators narrow-band equalizer. Al-
though this equivalent circuit is accurate only over a narrow
bandwidth ( 20%), it is usually sufficient in most applications
where a large amount of equalization is only required over a
narrow bandwidth. The input impedance of the equalizer can be
obtained as [11]

(1)

and are monic polynomials of orderand
, respectively, is the resonant frequency of

the first resonator, and is the characteristic

impedance of the first resonator. The input reflection coefficient
of the equalizer can be readily expressed as

(2)

(3)

The group delay of the equalizer, by definition, is the negative
derivative of with respect to . Noting the fact that the
input impedance (1) is purely reactive for lossless networks, the
group delay of the equalizer can then be easily derived as [11]

(4)

where and denote the first derivatives of and with
respect to , respectively. When the network shown in Fig. 2
is near the optimum approximation to the requirement,
and can be expressed as [8], [10]

(5a)

(5b)

In the above expressions, and
are zeros of and , corresponding to the

zeros and poles of the input impedance function, respectively.
The approximation problem can be stated as follows. Given a

certain requirement on the group delay (frequency specification
mask) to be met by the proposed network, determine the loca-
tions of the zeros and poles of the input impedance function of
the equalizer that realize the desired group-delay characteristic.
The approximation problem is solved numerically through op-
timization. The optimization procedure starts by an initial guess



1962 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 50, NO. 8, AUGUST 2002

for the locations of zeros and poles. A simple initial guess will
be taking the initial placement of the zeros and poles to be alter-
nating and equally distributed over the desired bandwidth. The
objective error function is defined as

(6)

with and being the group delay of the filter and equalizer;
is the minimum of the total group delay (constant), and

is the required frequency specification mask for group
delay. In the above expression, and are evaluated from
the current placement of the zeros and poles. A standard con-
strained gradient search algorithm is used to minimize the ob-
jective error function since the locations of the zeros and poles of
the reactance function are known to be interlaced in the vicinity
of the passband of the filter network, i.e.,

.
Convergence of the minimization is fast due to the con-

strained nature among the optimization variables (the zeros
and poles of the input impedance of the equalizer). On the
contrary, however, the difficulty of the proposed approach
in [7] (where the coupling matrix elements are primarily the
optimization variables) mainly comes form the lack of any
known relationship among them, especially when the number
of cavities is large. In most cases, the required frequency
specification mask for group delay will be symmetric
with respect to center frequency. In such cases, the speed of
convergence can be dramatically improved since only half the
number of optimization variables is necessary for optimization.

III. SYNTHESIS PRODEDURE

After solving the approximation problem, the exact locations
of the zeros and poles that realize the required group-delay char-
acteristic of the network are known. To complete the design, a
synthesis procedure is adopted to extract the equalizer parame-
ters from the knowledge of the locations of zeros and poles of
the network.

Using the same notations as defined in Fig. 2, the input
impedance at loopcan be obtained as

(7)

where is the resonant frequency of resonator
and is the characteristic impedance of the

th resonator. The monic polynomials and are
expressed as [10]

(8)

(9)

Since the circuit model of Fig. 2 is an accurate representation
over a narrow bandwidth, as discussed previously, the coupling
coefficients between two adjacent resonators can be mod-
eled as frequency-independent reactance and can be defined as

(10)

The coupling bandwidth is then defined as

(11)

and is the coupling coefficient in frequency unit. The following
recursive relations can be derived from basic circuit theory:

(12)

(13)

(14)

(15)

Equations (14) and (15) give explicit relations between the
equalizer parameters and the locations of zeros and poles. In
most cases, the equalizer parameters can be effectively synthe-
sized from known locations of the zeros and poles using the
recursive relations given in (12)–(15). However, in some cases
when the bandwidth of the equalizer is small or the number of
the cavities is large, the numerical accuracy may become quite
an issue. The cancellation of the coefficients of the highest order
terms in (13) is not guaranteed in the above cases. To further
improve the numerical accuracy, the following transformation
of variable is introduced:

(16)

where and are the center frequency and bandwidth of
the equalizer, respectively.

The input impedance at loopof the circuit can then be de-
rived in the transformed domain as

(17)
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with the monic polynomials and expressed as

(18)

(19)

Finally, the following recursive relations can be obtained:

(20)

(21)

(22)

(23)

Note that in both (22) and (23).

IV. DESIGN EXAMPLES

A computer program has been developed to solve the approxi-
mation problem through optimization and perform the synthesis
of the equalizer as described. Many design examples have been
run to verify and test the program. Convergence of the optimiza-
tion is fast and, in all cases, tested is nearly independent of the
initial placement of the zeros and poles. In contrast, direct net-
work optimization using an error function based on the differ-
ence between the mask and response was slow, often did not
converge to any acceptable solution, and in all cases, required
an initial guess as to whose response was close to the desired
one in order to converge, especially when the number of cavi-
ties was large.

As an application, two equalizers are designed according to
the method described in the previous sections. In the first de-
sign (Design A), the filter to be equalized is a 16-pole elliptic
function filter with a bandwidth of 20 MHz centered at 2 GHz.
Fig. 3(a) shows the typical in-band insertion loss and group-
delay response of the filter. The required group-delay variation
after equalization is 65 ns over 96.2% of filter’s passband. An
equalizer with 12 poles is designed to equalize the filter. The
locations of the zeros and poles after solving the approximation
problem together with the synthesized equalizer parameters are
listed in Table I. Since we have many poles over a very
narrow bandwidth (1.04%) in this case, working in the trans-
formed domain ( domain) is necessary to achieve the required
accuracy. Fig. 3(b) shows the simulated final response (in-band
insertion loss and group delay) of both the filter and equalizer
cascaded through an ideal circulator.

The second design (Design B) involves an eight-pole elliptic
function filer to be equalized so that its group delay lies within

(a)

(b)

Fig. 3. (a) Typical in-band responses (insertion loss and group delay) of the
16-pole elliptic function filter used in Design A. (b) Simulated final response of
the in-band insertion loss and group delay of the filter and equalizer cascaded
through an ideal circulator. The specified group-delay variation is 65 ns over
96.2% of filter’s bandwidth. In both (a) and (b), the unloadedQ is set to be
55 000 (superconductor).

TABLE I
DETAIL PARAMETERS FOR THEEQUALIZER IN DESIGN A

the ranges defined in Table II by an equalizer with three poles.
The filter has a bandwidth of 40 MHz and center frequency of
4 GHz. The requirement for overall equalized group delay is
given through a frequency specification mask shown in Fig. 4.
The same design method as in Design A is applied. In both de-
signs (i.e., Designs A and B), the initial placement of the zeros
and poles is taken to be equally distributed in the vicinity of the
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TABLE II
GROUP-DELAY SPECIFICATION MASK FOR DESIGN B

Fig. 4. Group-delay responses after optimization for Design B. The four
curves shown in the plot are, from the top to the bottom, the frequency
specification mask, final group delay of the filter and equalizer cascaded by
an ideal circulator, group delay of the equalizer itself, and group delay of the
filter only.

TABLE III
DETAIL PARAMETERS FOR THEEQUALIZER IN DESIGN B

bandwidth of the network. Only half the number of optimiza-
tion variables is used to speed up the convergence of optimiza-
tion since the frequency specification masks for the group delay
are symmetric in both cases. Table III summarizes the detailed
parameters of the equalizer for Design B and Fig. 4 shows the
simulated results.

For comparison, 12-pole self-equalized filters with different
number of equalization poles are designed according to the pa-
rameters specified in Design B. The maximum number of equal-
ization poles can be afforded by the structure is three since
two transmission zeros are necessary for the selectivity pur-
pose. Fig. 5(a) and (b) shows the comparisons for the normalized
group delay and in-band insertion loss. All the curves are gener-
ated using the same equal-ripple bandwidth (40 MHz). Fig. 6(a)
and (b) shows the same comparisons with curves generated ac-
cording to the same “transmission mask” as the eight-pole ex-
ternally equalized one. In this case, the bandwidth of the 12-pole
self-equalized filters is larger (44 MHz) than the eight-pole ex-
ternally equalized one (40 MHz).

In all the figures, the externally equalized structure clearly
shows larger bandwidth of equalization with comparable inser-
tion loss. Moreover, the externally equalized structure tends to

(a)

(b)

Fig. 5. Comparisons of: (a) normalized group delay and (b) insertion loss of
the self-equalized and externally equalized filters. All the curves are generated
using the same equal-ripple bandwidth.

have flatter in-band transmission response, which is also im-
portant for many communication systems applications. The re-
quired bandwidth of equalization can only be achieved by an ex-
ternally equalized structure in this case, as is evidenced by the
enlarged plot shown in Fig. 7. Increasing the number of poles
for the self-equalized structure does not significantly improve
the performance, but results in tremendous increase in the com-
plexity of design and tuning (point of diminishing return).

To verify the accuracy of the design procedure, the equal-
izer for Design B together with the eight-pole elliptic function
filter are built and tested. Both filter and equalizer are realized
as combline resonators. Fig. 8(a) shows the measured transmis-
sion and reflection responses, while Fig. 8(b) shows the mea-
sured in-band responses (insertion loss and group delay) of the
filter itself. A commercially available circulator with 28-dB iso-
lation (measured) is used as the cascading device to cascade the
filter and the equalizer. Fig. 9 shows the measured and simu-
lated group delay of the overall network including the eight-pole
filter, three-pole equalizer, and 28-dB isolation circulator. The
simulated response of using an ideal circulator with infinite iso-
lation as the cascading device is also included in the plot for
comparison. It can be easily concluded from the figure that the
isolation of the cascading device will have a pronounced effect
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(a)

(b)

Fig. 6. Comparisons of: (a) normalized group delay and (b) insertion loss of
the self-equalized and externally equalized filters. All the curves are generated
using the same transmission mask.

Fig. 7. Enlarged plot from Fig. 6(a) comparing the normalized group delay of
the self-equalized and externally equalized filters. The self-equalized structure
misses the group-delay specification, while the externally equalized one has a
larger margin at the band edge. Only the left-hand-side half is plotted here since
the response is symmetric.

on the ripple of the final group-delay response. Good agreement
between the simulated result and measurement is observed.

(a)

(b)

Fig. 8. Measured filter response of the eight-pole elliptic function filter in
Design B realized in a combline structure. (a) Transmission and reflection.
(b) In-band insertion loss and group delay. The unloadedQ of the filter is 3500.

Fig. 9. Measured and simulated group-delay response of the circulator
coupled filter–equalizer network for Design B. The circulator used has a
measured isolation of 28 dB. The simulated response of the same network using
an ideal circulator (with infinite isolation) is also included for comparison.

It is not feasible to take the finite isolation of the circulator
into account in the optimization process. For the structure shown
in Fig. 10(a), where a circulator with finite isolation
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(a) (b)

(c)

Fig. 10. (a) Illustration of the signal paths for circulator–equalizer network with finite isolation on the circulator. (b) Vector diagram representation of (a).
(c) Typical phase response as functions of frequency for a three-pole equalizer and the circulator.

is used to cascade the filter and the equalizer, the output at port
2 can be represented as

(24)

where is the phase response of the input reflection coef-
ficient of the equalizer and is the phase response between
the isolated and input ports of the circulator.

The phasor diagram representation for (24) is shown in
Fig. 10(b). The overall phase response between ports
2 and 1 will be added to the filter’s phase response. Since the
change rates of and with respect to frequency are
quite different (usually varies faster than , as shown
in Fig. 10(c) for the case of a three-pole equalizer), synchro-
nization of the two phases at port 2 is impossible. Namely, it is
not possible for the same equalizer to “frequency-selectively”
produce different component that cancels out the effect intro-

duced by . To further investigate the effect of the finite
isolation, (24) can be rewritten as [refer to Fig. 10(a)]

(25)
The group delay of the corresponding network (the circulator
and the equalizer), by definition, is

(26)
with

and

Fig. 11. Upper bound of the ripple of the group delay of the
circulator–equalizer network versus the isolation of the circulator. The group
delay of the equalizer at the center frequency is used to generate the plot.

Noting that is a slow varying function of and
(the group delay of the equalizer), (26) can then

be expressed as

(27)

The extremes (minimum or maximum) of the above expres-
sion will occur when and the
values of the extremes can be derived as

(28)
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Fig. 12. Measured and simulated results of the in-band characteristics (both
insertion loss and group delay) for the 3-dB hybrid coupled filter–equalizer
network.

Finally, the explicit expression for the ripple of group delay as
a function of can be derived as

(29)

Fig. 11 shows the plot of the upper bound ripple of the group
delay versus the isolation of the circulator for the case of Design
B. The value at the center frequency (in this case, 65
ns) is used in (29) to generate the plot.

As is concluded from the previous analysis, the in-band
ripple of the combined filter equalizer network can be improved
with higher ( 40 dB) isolation of the circulator. Since it is
either difficult or very expensive to get such circulators at the
desired frequency band, the hybrid-coupled approach [shown
in Fig. 1(b)] seems attractive. A two-branch narrow-band 3-dB
hybrid in the microstrip structure has been built. The measured
response shows an isolation of better than 40 dB at the lower
half of the band with around 35-dB isolation at the upper half.
The 3-dB hybrid coupled network is constructed in the manner
shown in Fig. 1(b) and the measured in-band responses are
shown in Fig. 12. The simulated group-delay response is also
included for comparison and good agreement is observed.
The direct relationship between the isolation of the cascading
device and the ripple of the final group-delay response is clearly
observed in this figure.

V. CONCLUSION

A powerful and systematic method for the design of cou-
pled-resonators group-delay equalizers has been introduced.
This method consists of solving the approximation problem
by optimization and synthesis of the network parameters.
The presented method is insensitive to the initial guess of the
locations of zeros and poles, and converges fast even when
the number of cavities is large. Numerical considerations to
both speed up the convergence of optimization and improve
the accuracy have been discussed. Typical examples, together
with experimental results of practical equalizers, have been
presented. Extensive comparisons between the self-equalized
and externally equalized structures have been made and the
pros and cons have been summarized. The effect of the isolation

of the cascading device on the ripple of the final group-delay
response has been investigated. It is not feasible to compensate
the effect of finite isolation of the cascading device (circulator
or 3-dB hybrid) using the coupled-resonators structure. The
effectiveness and powerful nature of the method have been
proven by the good agreement between the simulation and
measurement results.
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